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ABSTRACT
Einstein gravities in general dimensions coupled to a cosmological constant and extended
with quadratic curvature invariants admit a variety of black holes that may asymptote to
Minkowski, anti-de Sitter or Lifshitz spacetimes. We adopt the Wald formalism to derive an
explicit formula for calculating the thermodynamical first law for the static black holes with
spherical/toric/hyperbolic isometries in these theories. This allows us to derive/rederive the
first laws for a wide range of black holes in literature. Furthermore, we construct many new
exact solutions and obtain their first laws.
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1 Introduction
One important development in General Relativity is fixing the precise relation between the
surface gravity κ of a black hole to the temperature of its evaporation [1, 2]
T =
κ
2π
. (1.1)
This, together with the earlier work [3], enables one to obtain the entropy area law, namely
the entropy of a black hole is equal to one quarter of the area of the horizon:
S = 14AreaH . (1.2)
Whilst the temperature formula turns out to be true in general owing to its robust geometric
origin [4], the entropy formula acquires modifications when gravity is extended by higher-
order curvature terms. In [5, 6], Wald develops a formalism that allows one to calculate the
entropy from a rather general formula, namely
S = −18
∫
+
√
hdΣ ǫabǫcd
∂L
∂Rabcd
, (1.3)
where the integration is over the bifurcation surface of the horizon and L is related to the
Lagrangian by L = √−g L. (Here h is the determinant of the metric on the horizon and
ǫab is the binormal to the bifurcation surface.) In many cases, especially for black holes
that are asymptotic to the flat spacetime, knowing the temperature, entropy, together with
some clever way of deriving the mass and other conserved quantities, is enough for one to
obtain the thermodynamical first law of the black holes.
The situation becomes more complicated when one considers black holes that asymptote
to anti-de Sitter (AdS) or Lifshitz spacetimes. In higher-order gravities, in addition to the
massless graviton modes, there can also be massive scalar or spin-2 modes emerging. With
suitable coupling constants, all these modes can arise in AdS or Lifshitz black holes. Since
these additional hairs are not associated with some conserved quantities, there is no obvious
way to define them. They arise simply as integration constants in a solution and there is
no reason that they should always be fixed in any thermodynamical setup. The purpose of
this paper is to address how these hairs contribute and modify the thermodynamical first
law of the black holes.
The phenomenon already emerges in Einstein-dilaton gravity that admits AdS vacua.
Scalar charges in AdS backgrounds were well studied in literature; see, e.g. [7, 8, 9, 10,
11, 12]. However, how these scalar charges modify the thermodynamical first law wasn’t
addressed until [13], where the Kaluza-Klein dyonic AdS black hole was constructed in
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maximal gauged supergravity in four dimensions. It was observed that the first law of the
black hole thermodynamics would be violated unless one included also the scalar charge
contribution [13].1
Although the black hole temperature and entropy do not have smooth classical limit, the
corresponding thermodynamical first law does, since the ~ in T and S cancels out precisely
in TdS. The general Wald formulism, a pure classical calculation, in principle allows one
to derive the first law; however, there is no simple formula like (1.3). Indeed, evaluating
the Wald formula on a black hole horizon always gives TdS [5, 6],2 its evaluation on the
asymptotic regions depends on the detail of the theory and the structure of the solutions.
For static AdS black holes with spherical/toric/hyperbolic isometries, the first law involving
scalar hair [15, 16] and massive vector (Proca field) hair [17] were obtained. The formalism
was used to address properly the thermodynamics of Lifshitz black holes [18]. The first law
of Yang-Mills black holes was also obtained in [19].
In this paper, we consider Einstein gravities with a cosmological constant in general
dimensions, extended with three quadratic curvature invariants. The theories admit a
variety of black holes that are asymptotic to Minkowski, AdS and Lifshitz spacetimes. We
focus on the static solutions with spherical/toric/hyperbolic isometries and study their first
laws of thermodynamics. The paper is organized as follows. In section 2, we present the
general action of the theories and obtain the equations of motion. In section 3, we obtain the
explicit Wald formula for the static solutions involving two metric functions. In sections 4,
5, we derive the first laws for AdS and Lifshitz black holes respectively. We test the results
with a wide range of exact solutions in literature. In section 6, we construct new exact
solutions and obtain their first laws. We conclude the paper in section 7.
2 Gravity extended with quadratic curvature invariants
The action for Einstein gravity with a cosmological constant extended with quadratic cur-
vature invariants in general n dimensions is given by
S =
∫
dnx
√−g L ,
L = κ(R− 2Λ0) + αR2 + βRµνRµν + γRµνλρRµνλρ , (2.1)
1Alternatively, this phenomenon was interpreted in [14] as the black hole having no well-defined mass,
where a more general class of dyonic AdS black holes were obtained in maximal gauged supergravity.
2Suitable gauge choice is necessary when it is applicable.
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where (κ, α, β, γ) are coupling constant and Λ0 is the bared cosmological constant. (There
should be no confusion of this κ with the surface gravity mentioned in the introduction.)
The variation of the action with respect to the metric takes the following form
δS =
∫
dnx
√−g[Eµνδgµν +∇µJµ] . (2.2)
The tensorial quantities Eµν and J
µ are given by
Eµν = κ[Rµν − 12gµν(R − 2Λ0)] + α[2R(Rµν − 14gµνR) + 2(gµν−∇µ∇ν)R]
+β[(gµν−∇µ∇ν)R +(Rµν − 12gµνR) + 2(Rµλνρ − 14gµνRλρ)Rλρ]
+γ[−12gµνRαβγηRαβγη + 2RµλρσR λρσν + 4RµλνρRλρ
−4RµσRσν + 4Rµν − 2∇µ∇νR] ,
Jµ = [(κ+ 2αR)Gµνρλ + βT µνρλ + 4γRµρλν ]∇νδgρλ
−[2αGµνρλ∇νR+ β∇νT νµρλ + 4γ∇νRµρλν ]δgρλ , (2.3)
where
Gµνρσ = 12(g
µρgνσ + gµσgνρ)− gµνgρσ ,
T µνρλ = gµρRνλ + gµλRνρ − gµνRρλ − gρλRµν . (2.4)
It is useful to know that the G and T tensors satisfy the following identities
Gµνρσ = G(µν)(ρσ) , T µνρλ = T µν(ρλ) ,
∇νT νµρλ = 2∇(ρRλ)µ −∇µRρλ − 12gρλ∇µR,
∇νRµρλν = ∇ρRµλ −∇µRρλ . (2.5)
Since the total derivative term in the variation of the action (2.2) vanishes for appropriate
boundary condition, the equations of motion are then
Eµν = 0 . (2.6)
In this paper, we shall focus on the static black holes with the spherical/toric/hyperbolic
isometries. The most general metric Ansatz takes the form
ds2 = −h(r)dt2 + dr
2
f(r)
+ r2dΩ2n−2,k , (2.7)
where k = 1, 0,−1 for which dΩ2n−2,k is the metric for an (n− 2)-dimensional round sphere,
torus or hyperboloid. Since the Ansatz is the most general under the symmetries, one
can substitute the Ansatz into the action directly and then vary the resulting action with
respect to h and f and obtain two equations of motion. The equations of motion are rather
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complicated and they do not appear to provide much insight, and hence we shall present
only the following quantities that are useful to compute the effective action:
R =
(
− h
′′
h
+
h′2
2h2
+
h′f ′
2hf
− n− 2
r
(h′
h
+
f ′
f
)− (n − 2)(n − 3)
r2
(
1− k
f
))
f ,
RµνR
µν = 18
(h′′
h
− h
′2
2h2
+
h′f ′
2hf
)2
f2 +
(n− 1)(n− 2)f2
4r2
(h′2
h2
+
f ′2
f2
)
+
(n− 2)f2
r
(h′′h′
2h2
+
h′′f ′
2hf
− h
′3
4h3
+
h′f ′2
4hf2
+
h′f ′
2rhf
)
+
(n− 2)(n − 3)f2
r3
(
1− k
f
)(h′
h
+
f ′
f
+
n− 3
r
(
1− k
f
))
,
RµνρσR
µνρσ =
(h′′
h
− h
′2
2h2
+
h′f ′
2hf
)2
f2 +
(n− 2)f2
r2
(h′2
h2
+
f ′2
f2
)
+
2(n − 2)(n− 3)f2
r4
(
1− k
f
)2
. (2.8)
In this paper, a prime denotes a derivative with respect to r. We leave to the interested
readers to obtain the two explicit equations of motion for the metric functions h and f
themselves.
3 Wald formalism
Extended gravities considered in section 2 turn out to provide a variety of vacuum solutions
such as Minkowski, (A)dS and Lifshitz spacetimes. There are also black holes that are
asymptotic to these vacua. A very important property of a black hole is its thermodynamics
culminated in the form of its first law. Although the thermodynamics of a black hole is
an intrinsic quantum phenomenon, there is a smooth classical limit of its first law. While
the Wald formulism provides a way of calculating the first law for general black holes, it is
a rather complicated procedure. In this section, we shall specialize the Wald formalism to
metrics of the type (2.7) for extended gravities and obtain a formula that one can readily
use.
3.1 Review of the general Wald formalism
The Wald formalism [5, 6] starts with the variation of the action (2.2). For the given current
Jµ, one can define a current 1-form and its Hodge dual
J(1) = Jµdx
µ , Θ(n−1) = ∗J(1) . (3.1)
When the variation is generated by a Killing vector, one can define the Noether current
(n− 1)-form as
J(n−1) = Θ(n−1) − iξ · ∗L , (3.2)
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where iξ· denotes the contraction of ξ to the first index of the tensor it acted upon. It was
shown in [5, 6] that once the equations of motion are satisfied, i.e. Eµν = 0, one has
dJ(n−1) = 0. (3.3)
Thus one can define a charge (n− 2)-form as
J(n−1) = dQ(n−2) . (3.4)
It was shown in [5, 6] that the variation of the Hamiltonian with respect to the integration
constants of a given solution is:
δH =
1
16π
[δ
∫
C
J(n−1) −
∫
C
d(iξ ·Θ(n−2))] = 1
16π
∫
Σn−2
[δQ(n−2) − iξ ·Θ(n−2)] . (3.5)
where C is a Cauchy surface, Σn−2 is its two boundaries, one on the horizon and the other at
infinity. For a static or stationary black hole, one lets ξ be the time-like Killing vector that
becomes null on the horizon, and the first law of black hole thermodynamics emerges by
the vanishing of δH. Evaluating δH at both asymptotic infinity and on the event horizon
yields
δH∞ = δH+ . (3.6)
The Wald formula (3.5) is rather general. For our quadratically-extended gravities, various
quantities in (3.5) are given by
J(n−1) = 2εµc1...cn−1∇λ
(
(κ+ 2αR)∇[λξµ] + (4α+ β)ξ[λ∇µ]R
+(2β + 8γ)∇[µRλ]σξσ + 2βRσ[λ∇σξµ] + 2γRλµσρ∇σξρ
)
,
Q(n−2) = −εµνc1...cn−2
(
(κ+ 2αR)∇µξν + (4α+ β)ξµ∇νR
+(2β + 8γ)∇νRµσξσ + 2βRσµ∇σξν + 2γRµνσρ∇σξρ
)
,
iξ ·Θ(n−1) = −ελµc1...cn−2ξλJµ
= −ελµc1...cn−2ξλ
(
((κ+ 2αR)Gµνρλ + βT µνρλ + 4γRµρλν)∇νδgρλ
−(2αGµνρλ∇νR+ β∇νT νµρλ + 4γ∇νRµρλν)δgρλ
)
. (3.7)
These specialized formulae however are still rather complicated and they are not in the
forms that one can easily substitute a solution into. In the next subsection, we further
specialize to the static solutions with spherical/toric/hyperbolic isometries.
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3.2 Applying for the static solutions
We now evaluate the general Wald formula (3.5) with (3.7) for the static Ansatz (2.7). Let
ξ = ∂/∂t, we obtain, by some tedious calculations, that
δH =
ω
16π
rn−2
√
h
f
(
F0δf+F1δ(f
′)+F2δ(f ′′)+R0δh+R1δ(h′)+R2δ(h′′)+R3δ(h′′′)
)
, (3.8)
where ω is the volume factor of the (n−2)-dimensional space of dΩ2(n−2),k and the functions
F0,1,2, R0,1,2,3 are
F0 =
n− 2
r
(
− κ+ 2(n− 3)((n − 8)α − β) f
r2
+ (8(n − 3)α + (2n− 5)β + 4γ) f
′
2r
+12(4α+ β)f
′′
)
+ (2α+ β + 2γ)
fh′
h
(f ′′
2f
+
3f ′h′′
2fh′
+
7h′2
2h2
+
3h′′′
h′
− 7h
′′
h
− f
′h′
fh
)
+
(n− 2)fh′
2rh
(
2(3α + β + γ)(
f ′
f
− 3h
′
h
) + (16α + 7β + 12γ)
h′′
h′
− 8α + 5β + 12γ
r
)
−2k(n− 2)(n − 3)(n − 4)α
r3
,
F1 = (n− 4)(n − 2)(4α + β) f
r2
+ (2α + β + 2γ)
(
(n− 2) h
′
rh
− 5h
′2
2h2
+
3h′′
h
)
f ,
F2 = (n− 2)(4α + β)f
r
+ (2α+ β + 2γ)
fh′
h
,
R0 = (n− 2) f
2h′
2rh2
[
(20α + 7β + 8γ)
h′
h
− (8α + 3β + 4γ)f
′
f
]
+ (2α + β + 2γ)
f2h′2
h3
×
(
2(n− 2)h(h
′ − rh′′)
r2h′2
− 2hh
′′′
h′2
+
9f ′
2f
+
9h′′
h′
− 7h
′
h
− hf
′′
h′f
− 3hh
′′f ′
h′2f
)
,
R1 = (n− 2) f
2
2rh
(
− (20α + 7β + 8γ)h
′
h
+ (8α+ 3β + 4γ)
f ′
f
)
+ (2α+ β + 2γ)
f2
h
×
(f ′′
f
+
7h′2
h2
− 4h
′′
h
− 9f
′h′
2fh
− 2(n− 2)
r2
)
,
R2 = (2α+ β + 2γ)
f2
h
(3f ′
f
− 5h
′
h
+
2(n− 2)
r
)
, R3 = 2(2α + β + 2γ)
f2
h
. (3.9)
Note that the topology-dependent term appears in (3.8) only through F0 with the α coeffi-
cient.
It is of interest to consider some special combinations of the quadratic curvature terms.
One is the Gauss-Bonnet combination, corresponding to setting
β = −4α , γ = α . (3.10)
The formula (3.8) is reduced significantly, and it becomes
δH =
ω
16π
rn−2
√
h
f
(
− (n− 2)κ
r
+
2(n − 2)(n − 3)(n− 4)α(f − k)
r3
)
δf . (3.11)
The other combination is the Weyl-squared term, corresponding to
α =
2γ
(n− 1)(n − 2) , β = −
4γ
n− 2 . (3.12)
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There is no dramatic simplification for (3.8) in this combination. In four dimensions, when
the theory involves only the Weyl-squared term, it becomes conformal gravity. Up to an
overall scaling, the most general Ansatz is now reduced to h = f . The resulting δH was
obtained in [19].
Although our main result (3.8) is not particularly simple per se, one can nevertheless
readily substitute any static solution of the form (2.7) into (3.8) and obtain the first law.
We shall demonstrate this in sections 4, 5 and 6.
3.3 Evaluating the Wald formula on the event horizon
It was shown in [5, 6] that δH evaluated on the event horizon yields a simple generic formula
δH+ = TδS , (3.13)
where the temperature T and entropy S are given by
T =
κ
2π
, S = −1
8
∫
+
√
h dn−2x ǫabǫcd
∂L
∂Rabcd
. (3.14)
Again, κ here is the surface gravity on the horizon and it should not to be confused with
the coupling constant in the Lagrangian. For our metric Ansatz, they are given by
T =
1
4π
√
h′(r0)f ′(r0) ,
S = 14A
[
κ− (n− 2)(4α + β)f
′(r0)
r0
+
2k(n − 2)(n − 3)α
r20
−14(2α+ β + 2γ)
(
f ′′(r0) +
3f ′(r0)h′′(r0)
h′(r0)
)]
, (3.15)
where r = r0 is the location of the event horizon, and A = ωrn−20 is its area. In the extremal
limit, the temperature vanishes and the entropy becomes
Sext =
1
4A
(
κ− (2α+ β + 2γ)f ′′(r0) + 2k(n − 2)(n − 3)α
r20
)
. (3.16)
To verify that (3.13) is indeed true for our specialize cases, we perform Taylor expansions
near the horizon, namely
f(r) = a˜1(r − r0) + a˜2(r − r0)2 + a˜3(r − r0)3 + a˜4(r − r0)4 + · · · ,
h(r) = b˜1(r − r0) + b˜2(r − r0)2 + b˜3(r − r0)3 + b˜4(r − r0)4 + · · · . (3.17)
Substituting these expansions into the equations of motion, we find that there are six
independent parameters at the horizon, namely (r0, a˜1, a˜2, b˜1, b˜2, b˜3). The rest coefficients
can be solved in terms of these six parameters.
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Plugging (3.17) into (3.8), and then taking the r→ r0 limit, we obtain
δH+ =
(n− 2)ωrn−40 δr0
32π
√
a˜1
b˜1
(
2κb˜1r0 − 2(n − 3)(4α + β)a˜1b˜1
−r0(2α+ β + 2γ)(3a˜1 b˜2 + a˜2b˜1) + 4k(n− 3)(n − 4)αb˜1
)
. (3.18)
On the other hand, it follows from (3.15) that we have
T =
√
a˜1b˜1
4π
, S =
ωrn−30
8b˜1
(
2κb˜1r0 − 2(n − 2)(4α + β)a˜1b˜1
−r0(2α + β + 2γ)(3a˜1b˜2 + a˜2b˜1) + 4k(n − 3)(n − 4)αb˜1
)
. (3.19)
It is now straightforward to verify that (3.13) is indeed valid.
According to the Wald formalism, the thermodynamical first law of a black hole is simply
δH∞ = TδS . (3.20)
There is however no simple general formula for the evaluation of δH at the asymptotic
infinity and we shall study it in the case-by-case basis in the following sections.
4 AdS black holes
4.1 AdS vacua and asymptotic linearized modes
The general theory of extended gravity (2.1) admits (A)dS vacua with the cosmological
constant Λ, satisfying
2(n− 4)
(
n(n− 1)α+ (n− 1)β + 2γ
)
Λ2 + κ(n− 1)(n − 2)2(Λ− Λ0) = 0 . (4.1)
The corresponding (A)dS vacuum solutions are given by h = f = g2r2 + k, where the
parameter g is given by Λ = −12(n − 1)(n − 2)g2. In this section, we are interested in
black hole solutions that asymptote to AdS vacua with g2 > 0. At the asymptotic r →∞
region, the deviation from the AdS vacua can be viewed as the linear excitations of the
backgrounds. For a generic quadratically-extended gravity, there are six independent linear
perturbations for the static Ansatz (2.7), forming three pairs of falloffs. They correspond to
the usual graviton modes, the massive scalar modes and spin-2 modes. Writing the metric
functions as
h = g2r2 + k + h1 , f = g
2r2 + k + f2 , (4.2)
we find that at the linear level, the large-r expansions of (h1, f1) are given by
h1 = λ0(g
2r2 + k)− m
rn−3
+
ξ1
r
1
2
(n−5−σ1)
+
ξ2
r
1
2
(n−5+σ1)
+ · · · ,
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f1 = − m
rn−3
+
η1
r
1
2
(n−5−σ2)
+
η2
r
1
2
(n−5+σ2)
+
(n− 1− σ1)ξ1
2(n − 1)r 12 (n−5−σ1)
+
(n− 1 + σ1)ξ2
2(n − 1)r 12 (n−5+σ1)
+ · · · , (4.3)
where
σ21 =
8n(n− 1)α+ (n − 1)(n + 7)β + 4(n2 − 6n + 17)γ − 4κg−2
β + 4γ
, (4.4)
σ22 =
4(n− 2)g−2κ− (n− 1)[4(n2 − 6n− 1)α− (n2 − 9n+ 32)β] + 4(n2 − 6n+ 17)γ
4(n− 1)α + nβ + 4γ .
(These are the exact linear solutions when k = 0.) It is clear that the parameters (λ0,m),
(η1, η2) and (ξ1, ξ2) are associated with the graviton, massive scalar and massive spin-2
modes respectively. It is worth noting that the scaling dimensions of the products λ0m, η1η2
and ξ1ξ2 are all the same. The parameter λ0 represents the freedom of arbitrary constant
scaling the time coordinate. To fix the definition of time at the asymptotic infinity, we shall
always set λ0 = 0.
In special cases of the coupling constants (κ, α, β, γ), the massive modes may disappear.
For example, when the quadratic curvature terms form the Gauss-Bonnet combination,
both massive scalar and spin-2 modes decouples from the spectrum, giving
h = f = g2r2 + k − m
rn−3
+ · · · (4.5)
in the large-r expansion. For the Einstein-Weyl combination, the massive scalar modes
decouple, giving
h˜ = − m
rn−3
+
ξ1
r
1
2
(n−5−σ1)
+
ξ2
r
1
2
(n−5+σ1)
,
f˜ = − m
rn−3
+
(n − 1− σ1)ξ1
2(n− 1)r 12 (n−5−σ1)
+
(n − 1 + σ1)ξ2
2(n− 1)r 12 (n−5+σ1)
,
σ21 = (n− 3)2 −
(n− 2)κ
(n− 3)g2γ . (4.6)
From these linearized modes in the large-r expansion, we see that the terms associated
with ξ1 and η1 always fall slower than the mass term m; they can even be divergent,
depending on the specific values of the coupling constants. If a mode has divergence that
is in higher order than r2, it must be excluded from the solution in order to preserve the
asymptotic AdS structure. Then the existence of such a black hole solution requires a
delicate fine tuning even if the no-hair theorem can be bypassed. On the other hand, the
ξ2 and η2 terms can never be more divergent than r
2 and hence they will preserve the
asymptotic AdS structure; in fact, they can fall faster than the mass term if σ1 and σ2 are
bigger than (n−1). In general an AdS black hole in extended gravity could involve all these
hairs asymptotically.
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4.2 Conjectured first law from the linear analysis
Having obtain the general structure of a black hole solution asymptotically at the linear
level, we can substitute it into our formula (3.8). Assuming that there is no term more
divergent than r2 in h˜ and f˜ , we find that δH∞ is convergent, and given by
δH∞ = c0 δm+ c1 ξ1δξ2 + c2 ξ2δξ1 + c3 η1δη2 + c4 η2δη1 , (4.7)
where (c1, c2, c3, c4) are complicated expressions of (κ, α, β, γ, n) that we do not find instruc-
tive to present. The expression for c0 is rather simple, however, given by
c0 =
(n− 2)ω
16π
[
κ− 2g2
(
n(n− 1)α+ (n− 1)β − 2(n − 4)γ
)]
. (4.8)
We can now make a Legendre-like transformation, and define
M˜ = c0m+ c2 ξ1ξ2 + c4 η1η2 , (4.9)
and the expression (4.7) becomes rather simple, giving
δH∞ = δM˜ +
(n − 2)ωσ1
(n− 1)32π
(
κg−2 − 2(n− 1)(β + nα) + 4(n − 4)γ)ξ1δξ2
+
(n− 1)ωσ2
32π
(
4(n− 1)α + nβ + 4γ)η1δη2 . (4.10)
It follows from (3.20) that the thermodynamical first law is
dM˜ = TdS − (n − 2)ωσ1
(n− 1)32π
(
κg−2 − 2(n− 1)(β + nα) + 4(n − 4)γ)ξ1dξ2
−(n− 1)ωσ2
32π
(
4(n − 1)α+ nβ + 4γ)η1dη2 . (4.11)
The result is applicable for general asymptotic AdS black holes. For asymptotically-flat
black holes, a massive hair involve both the convergent as well as the divergent Yukawa
falloffs. The divergent falloff has to be excluded to maintain the asymptotic spacetime
structure. This requires a rather delicate fine tuning even if the no-hair theorem can be
bypassed. The resulting first law is then simply dM = TdS since it requires both falloffs
in the solution to form a conjugate pair to modify the first law. The argument extends to
the asymptotic AdS black holes as well, if one or both of the falloff terms are actually more
divergent than r2 and have to be excluded from the solution.
It is worth commenting that δH∞ has two parts in general, one is integrable associated
with M˜ and the other is non-integrable associated with (ξ1, ξ2) and (η1, η2). The existence
of the non-integrable part in δH∞ was interpreted as that the solution has no well-defined
mass in [14]. Even if this interpretation is valid, there is nevertheless a quantity which
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we label M˜ here that has dimension of energy such that (4.11) is a correct mathematical
equation for black holes at least at the classical level. We shall not be precise or pedantic
and continue to refer to the quantity M˜ (or without the tilde) as “mass” and call (4.11) as
the “first law of thermodynamics” although whether it describes an actual physical thermal
system is still questionable.
4.3 Testing the first law
Although we obtained the first law (4.11) from the linear analysis, we expect that it holds at
the full non-linear level, with the understanding the expressions for (M˜ , ξ2, η2) are subject
to the non-linear modifications. The similar situation occurs for the scalar and massive
vector hairs studied previously [15, 16, 17]. This should not be surprising, since the first
law is bilinear in nature, and hence it must work at the linear level of a solution. The
non-linear contribution may augment the definitions of the charges, it will not change the
coefficient of each term in the first law (4.11).
In this subsection, we shall nevertheless test the conjectured first law with some selected
examples.
4.3.1 Schwarzschild-like black holes
We refer to the Schwarzschild-like black holes as those involving only the condensation of
gravitons. The metric functions in the large-r expansion take the form
h ∼ f = g2r2 + k − m
rn−3
+ · · · . (4.12)
For these black holes, it is easy to verify that
δH∞ = δM , (4.13)
where
M =
(n− 2)ω
16π
(
κ− 2n(n− 1)αg2 − 2(n − 1)βg2 + 4(n− 4)γg2
)
m. (4.14)
Thus for these black holes, the first law of thermodynamics is simply
dM = TdS . (4.15)
The mass formula (4.14) was previously obtained in [20, 21].
For generic coupling constants, there is no known example of exact Schwarzschild-like
black holes. It can be tricky even to find numerical solutions since it requires delicate fine
tuning to get rid of the other modes; a proper no-hair theorem has yet been established
however. For some special class of parameters, the solutions do exist. The best known
example is the Schwarzschild-like solution in the Gauss-Bonnet extension [22, 23]. A simpler
example is to set the coupling constant γ associated with the Riemann-squared term vanish.
Einstein metrics of appropriate effective cosmological constant are then solutions. This
implies that the theory admits AdS Schwarzschild black holes with
h = f = g2r2 + k − m
rn−3
, (4.16)
and
Λ0 = −12(n − 1)(n − 2)g2 + 12κ−1g4(n− 1)2(n− 4)(β + nα) . (4.17)
It is then straightforward to verify that
δH∞ =
(n− 2)ω
16π
(
κ− 2(n − 1)g2(β + nα)
)
δm . (4.18)
This implies that we can define the mass of the black hole as
M =
(n− 2)ω
16π
(
κ− 2(n − 1)(β + nα)g2
)
m. (4.19)
This reproduces the results in [20, 21]. The entropy and the temperature are given by
T =
f ′(r0)
4π
, S = 14ωr
n−2
0
(
κ− 2(n − 1)(β + nα)g2
)
. (4.20)
Here r = r0 is the event horizon with f(r0) = 0. The first law (4.15) is then straightforwardly
satisfied, since both M and S are multiplied by a same constant factor from those in
Einstein gravity. The thermodynamics of these types of black holes were previously studied
in [24, 25]. Note that the mass and the entropy can vanish simultaneously, a characteristic
phenomenon that occurs in critical gravities [26, 27].
4.3.2 With massive spin-2 hair
We now consider a non-trivial example with non-vanishing massive spin-2 hair. The massive
scalar hair drops out naturally in the Einstein-Weyl combination (3.12). We consider this
example since it was already studied in [28] by numerical analysis that such a black hole
indeed could exist. However, its thermodynamical first law was not addressed in [28]. The
solution is of Einstein-Weyl gravity in n = 4 dimensions, with the parameter constrains
(3.12), γ = −23κg−2 and Λ0 = −3g2. Assuming k = 1, the full large-r expansions of (h, f)
at the asymptotic AdS region are given by
h = g2r2 + ξ1r
3
2 +
5ξ21
12g2
r +
65ξ31
864g4
r
1
2 + 1 +
(
ξ2 +
5
24(
ξ1
g2
+
49ξ51
10368g8
) log r
) 1√
r
14
−
(
m− 35432 (
ξ21
g4
+
7ξ61
1152g10
) log r
)1
r
+ · · · ,
f = g2r2 + 16ξ1r
3
2 − 5ξ
2
1
432g2
r − 5ξ
3
1
576g4
r
1
2 + 1 +
5ξ41
1944g6
+
(
− 155ξ1
216g2
+
805ξ51
746496g8
+
5ξ2
6
+
25(10368g6ξ1 + 49ξ
5
1)
1492992g8
log r
) 1√
r
(4.21)
−
(
m− 175ξ
2
1
324g4
+
18235ξ61
11943936g10
+
67ξ1ξ2
72g2
+
5(404352g6ξ21 + 1519ξ
6
1)
17915904g10
log r
)1
r
+ · · · .
(The faster falloff dotted terms will not affect δH∞.) Substituting this into our formula
(3.8) and take the r →∞ limit, we find a convergent result
δH∞ = δM˜ − 5ω
72πg2
ξ1δξ2 , (4.22)
where
M˜ =
5ω
24π
(
−m+ 79ξ
2
1
1296g4
− 2ξ1ξ2
9g2
− 27373ξ
6
1
26873856g10
)
. (4.23)
In four dimensions, ω = 4π and hence the first law is
dM˜ = TdS +
5
18g2
ξ1dξ2 . (4.24)
This indeed reproduces the general first law (4.11) with the special parameters for this
solution.
4.3.3 With both massive scalar and spin-2 hair
We now consider a black hole that involves all the hairs that extended gravity allows. The
parameters of the theory is given by
n = 5 , α =
169
744g2
κ , β = − 64κ
93g2
, γ = 0 , Λ0 = −75g
2
31
, (4.25)
which implies that
σ1 = 1 , σ2 = 2 , (4.26)
in the linearized analysis of section 4.1. Without loss of generality, we let κ = 1, and find
h = g2r2 + ξ1r
1
2 + 1 +
(
ξ2 +
15ξ1η1
16g2
log r
) 1√
r
− 1
2g2
(η1 − 58ξ21)
1
r
+
( 5ξ1
8g2
− 35η1ξ2
32g2
− 28809η
2
1ξ1
7168g4
+−525η
2
1ξ1
512g4
log r
) 1√
r3
−
(
m+
η1(4η1 − 75ξ21)
160g4
log r
) 1
r2
+ · · · ,
f = g2r2 + η1r +
3
8ξ1r
1
2 + 1 +
6η21
g2
+
(
5
8ξ2 +
η1ξ1
64g2
+
75η1ξ1
128g2
log r
) 1√
r
+
(
η2 +
4032η31 − 128η1g2 − 75g2ξ21
128g4
log r
)1
r
15
+
( 5ξ1
64g2
− 117η1ξ2
256g2
− 22485η
2
1ξ1
8192g4
− 1755η
2
1ξ1
4096g4
log r
) 1√
r3
−
(
m+
176η1η2 − 27ξ1ξ2
48g2
− η1(1067456η1 + 377355ξ
2
1 )
92160g4
+
757η41
4g6
+
η1(443520η
3
1 − 13984η1g2 − 12075g2ξ21)
3840g6
log r
) 1
r2
+ · · · . (4.27)
Here again we consider the spherically-symmetric case corresponding to k = 1. Substituting
this complicated large-r solution into (3.8), we find a simple outcome, namely
δH∞ = δM˜ − 15ω
248πg2
ξ1δξ2 +
3ω
62πg2
η1δη˜2 . (4.28)
where M˜ and η˜2 are given by
M =
15ω
31π
(
−m− 3(8η1η˜2 + 45ξ1ξ2)
320g2
+
η1(131648η1 − 10125ξ21)
76800g4
+
63η41
320g6
)
,
η˜2 = η2 − 135
512g2
ξ21 . (4.29)
Thus, we see that not only the mass, but also the spin-0 hair is modified by the non-linear
effects. The resulting first law takes the form
dM˜ = TdS +
15ω
248πg2
ξ1dξ2 − 3ω
62πg2
η1dη˜2 . (4.30)
This result is identical to the conjectured first law from the linearized analysis, after spe-
cializing to the parameters (4.25).
5 Lifshitz Black holes
5.1 Lifshitz vacua
The AdS vacua in planar coordinates admits in its boundary Minkowski spacetime with one
dimension less. This geometry can be generalized to the Lifshitz spacetime [29]
ds2 = ℓ2
(
− r2zdt2 + dr
2
r2
+ r2dxidxi
)
. (5.1)
which is homogeneous but not Einstein. The metric captures the different powers of dy-
namical scaling in the temporal and spatial directions, namely
t→ λzt , xi → λxi , (5.2)
exhibited in various condensed matter systems near fixed points. The metric becomes AdS
when z = 1. It turns out that Lifshitz vacua are rather common places in quadratically-
extended gravities [30]. The solutions are simply constrained by the following two equations
ℓ2 =
2
κ
(
(2z2 + 2(n − 2)z + (n− 2)(n − 1))α + (z2 + n− 2)β + 2(z2 − (n− 2)z + 1)γ
)
,
16
Λ0 = − 1
2κℓ4
((
2z2 + 2(n − 2)z + (n− 2)(n − 1))2α
+(z2 + n− 2)(2z2 + 2(n − 2)z + (n− 2)(n − 1))β
+2
(
2z4 − 2(n − 4)(n − 2)z2 − 2(n − 2)(n − 3)2z + (n− 1)(n − 2))γ) . (5.3)
In this section, we shall study the thermodynamics of the Lifshitz black holes in extended
gravities. Many exact solutions were constructed in [30, 28]. The thermodynamics of black
holes constructed in [28] was also analysed there; the first law for a few limited examples of
Lifshitz black holes [30] were analysed using the quasi-local charge technique in [31]. Our
general formula (3.8) can be used to derive the first law in all cases.
The most general Ansatz that respects the isometry is given by
ds2 = −r2zh˜(r)dt2 + dr
2
r2f˜(r)
+ r2dxidxi . (5.4)
We shall from now on set without loss of generality ℓ = 1 for Lifshitz solutions. In other
words,
h = r2zh˜ , f = r2f˜ . (5.5)
We shall refer to (h˜, f˜) as the thermalization factors of the Lifshitz vacua. It turns out that
in all examples of the exact solutions we consider in this paper, they are equal.
5.2 A z = 6 Lifshitz black hole in n = 4 dimensions
In four dimensions, the Gauss-Bonnet term is a total derivative and hence we can set γ = 0
without loss of generality. It was shown in [30] that for the following choice of the coupling
constants,
α = − 964κ , β = 2564κ , Λ0 = −512 , (5.6)
the corresponding Lagrangian admits the following exact solution of z = 6:
ds2 = −r12(1− µ
r4
) dt2 +
dr2
r2(1− µr4 )
+ r2dxidxi . (5.7)
In other words, we have h˜ = f˜ = 1 − µ/r4. The solution describes a black hole that is
asymptotic to z = 6 Lifshitz vacua. The horizon of the black hole is located at r = r0 ≡ µ1/4.
Using the formulae in (3.15), it is straightforward to calculate the temperature and entropy
T =
r60
π
, S = −15
16
ωr20κ . (5.8)
Substituting the solution into (3.8), we find
δH∞ = −15ωκ
32π
µδµ (5.9)
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This suggests that the first law is simply
dM = TdS , (5.10)
where the mass is given by
M = −15ωκ
64π
µ2 . (5.11)
That the parameter µ contributes quadratically to the mass formula is rather unusual, indi-
cating that there is no massless graviton condensation in the solution. It is thus instructive
to study the general solution that involves also the massless graviton mode.
In order to study the issue thoroughly, we obtain first the linearized modes in the Lifshitz
vacua. Let
h˜ = 1 + h1 , f˜ = 1 + f1 . (5.12)
we find that at the linearized level, the solutions for (h1, f1) are given by
h1 = ξ1r
√
66−4 +
η1 log r + η2
r4
− m
r8
+ ξ2r
−√66−4 ,
f1 = − 1169(53
√
66− 337)ξ1r
√
66−4 + (η2 − 15η1 + η1 log r)
1
r4
−24m
19r8
+ 1169 (53
√
66 + 337)ξ2r
−√66−4 . (5.13)
As it will be demonstrated in section 5.4, the integration constants (ξ1, ξ2) and (η1, η2)
correspond to the massive spin-2 and spin-0 modes respectively. It is clear that the ξ1 term
is divergent and has to be excluded from the black hole solution. To obtain the precise
formula of the first law for the general solution, we perform the large-r expansions and find
h˜ = 1 +
η1 log r + η2
r4
+
(
−m+ (114125η1η2 + 12443125η21) log r + 57125η21(log r)2
) 1
r8
+ · · · ,
f˜ = 1 +
(
η2 − 15η1 + η1 log r
) 1
r4
+
(
− 2419m− 1122375η1η2 + 10343950000η21
+(144125η1η2 +
1424
3125η
2
1) log r +
72
125η
2
1(log r)
2
) 1
r8
+ · · · . (5.14)
Substituting this non-linear solution into (3.8), we obtain
δH∞ = δM − 3κ
128π
η1δη2 , (5.15)
where
M = −625ωκ
1216π
(
m+ 57125η
2
2 +
145809
1250000η
2
1 +
4691
12500η1η2
)
. (5.16)
The thermodynamical first law for the general z = 6 Lifshitz black hole is thus
dM = TdS +
3κ
128π
η1dη2 . (5.17)
We see that the mass can have both linear m and non-linear contributions. For the specific
exact solution discussed earlier, we have m = 0 = η1 and η2 = µ. The mass (5.16) is indeed
reduced to (5.11) and the first law is simply (5.10).
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5.3 A class of Lifshitz black holes in n ≥ 5 dimensions
In [30], a class of Lifshitz black holes were found in n ≥ 5 dimensions, with the thermal
factors
h˜ = f˜ = 1− µ
r
1
2
(n+z−2) . (5.18)
The solutions emerge for the following coupling constants
α =
κ
2(n− 3)(n − 4)(n + z − 2)2P4(z)
(
(n− 2)3(n+ 2)(n2 − 4n+ 36)
+2(n− 2)(3n4 − 30n3 + 124n2 − 536n + 1024)z
+(n− 2)(19n3 − 330n2 + 2052n − 3640)z2 + 12(11n3 − 84n2 + 196n − 120)z3
−3(19n2 − 168n + 356)z4 + 18(3n − 4)z5 − 27z6
)
,
β =
2(n2 − 4 + 3z2)κ
(n− 3)(n − 4)(n + z − 2)2P4(z)
(
− (n− 2)(n3 + 2n2 − 12n + 24)
+2(n3 − 4n2 + 32n − 80)z − 8(n2 − 10)z2 − 6(3n − 4)z3 + 9z4
)
,
γ =
(n2 − 4 + 3z2)κ
2(n− 3)(n − 4)(n + z − 2)P4(z)
(
(n− 2)(n2 − 4n + 36) + (n− 2)(5n − 62)z
+3(9n − 14)z2 − 9z3
)
,
Λ0 = − n− 2
4P4(z)
(
(n− 1)(n − 2)3(n+ 2) + 4(n − 2)(n3 − 2n2 + 15n − 62)z
+2(n− 2)(5n2 − 73n+ 356)z2 + 4(19n2 − 200n + 325)z3 + (197n − 389)z4
)
,(5.19)
where P4(z) is a fourth order polynomial in z, given by
P4(z) = (n+ 2)(n − 2)3 + 4(n − 2)(n2 − n+ 30)z + 2(n − 2)(5n − 116)z2
+36(3n − 5)z3 − 27z4 . (5.20)
It is easy to see that the parameter µ is not associated with the condensation of the massless
graviton which has the falloff 1/rn+z−2 [18]. Substituting the solution into (3.8), we find
δH∞ =
(n− 2)(n + 2− 3z)(n − 2 + 3z)(n2 − 4 + 3z2)κ
32πP4(z)
δ(µ2) . (5.21)
The first law is then given by (5.10) with
M =
(n− 2)(n + 2− 3z)(n − 2 + 3z)(n2 − 4 + 3z2)κ
32πP4(z)
µ2 . (5.22)
The first law can be easily verified since the temperature and entropy, from (3.15), are given
by
T =
(n+ z − 2)
8π
rz0 , S =
(n+ 2− 3z)(n − 2 + 3z)(n2 − 4 + 3z2)ωrn−20
4P4(z)
κ , (5.23)
with µ = r
1
2
(n+z−2)
0 .
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5.4 General formula via linearized analysis
We now consider the thermodynamical first law for a general Lifshitz black hole in quadrat-
ically extended gravity, as we did for the general AdS black hole in section 4. We first
analyse n = 4 dimensions, where we can, without loss of generality, set γ = 0. As we
have mentioned earlier, we also set ℓ = 1, the Lifshitz solutions with general z arise with
the condition (5.3), which allows us to solve for (Λ0, α) in terms of κ and β. In terms of
linearization, we find
h1 = − m
rz+2
+
ξ1
r
1
2
(z+2−σ1)
+
ξ2
r
1
2
(z+2+σ1)
+
η1
r
1
2
(z+2−σ2)
+
η2
r
1
2
(z+2+σ2)
,
f1 = − z(z + 2)m
(z2 + 2)rz+2
+
b−ξ1
r
1
2
(z+2−σ1)
+
b+ξ2
r
1
2
(z+2+σ1)
+
c−η1
r
1
2
(z+2−σ2)
+
c+η2
r
1
2
(z+2+σ2)
,
σ21 = 3(3z
2 − 4z + 4) , σ22 =
(11z2 + 28z + 36)κ − 2z(z + 2)2(z − 4)β
3κ − 2z(z − 4)β ,
b± =
3z3 − z2 + 11z − 4± (z2 + 3z − 1)σ1
2(2z + 1)2
, c± =
z + 4± σ2
2(z − 1) , (5.24)
It can be demonstrated that in the Einstein-Weyl combination (β + 3α = 0), the modes
associated with (η1, η2) decouple, suggesting that they are the scalar modes. Setting z = 6
then allows us to identify the massive spin-2 and scalar hairs in the solution discussed in the
previous subsection. Furthermore, taking the parameters (5.6) implies that σ2 = 0, giving
rising to the log modes in the previous subsection. As in case of the AdS black holes, we
now substitute the linear solution into (3.8) and obtain δH∞. The result takes the same
form as in (4.7), with c0 now given by
c0 = −(z + 2)(z − 1)
2ω
4π(z2 + 2)
β . (5.25)
The parameters ci, with i = 1, 2, 3, 4, are complicated and not worth presenting. Making an
analogous Legendre transformation (4.9), we find that the first law takes the simple form:
dM˜ = TdS +
z(z − 4)ω σ2 β
8π(z − 1)2 η1dη2 −
z(z − 1)2(z − 4)ω σ1 β
8π(2z + 1)2
ξ1dξ2 . (5.26)
For the same argument we gave in the case of AdS black holes, we expect that the first law
is valid even though it was derived from the linear analysis. It is understood however that
the mass and the charges can acquire some non-linear modifications in a specific solution. It
is of interest to note that the parameter κ enters the first law via σi, and there is a smooth
κ → 0 limit . There is no smooth limit of β → 0, and in fact there is no Lifshitz solution
when β = 0 = α. Also note that for non-vanishing ηi, there is no smooth z = 1 limit.
The situation becomes much more complicated for n ≥ 5 dimensions. Although the
linear solutions take the similar form as (5.24), σ21 and σ
2
2 now satisfy a non-factorable
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quadratic expression (quartic in σ1 or σ2). The expression for the general first law becomes
rather horrid and we do not find it instructive to present here.
5.5 Black holes with vanishing mass and entropy
There are two more classes Lifshitz solutions with n > 4 which were found in [30]. One is
given by
h˜(r) = f˜(r) = 1− m
r2z−2
(5.27)
and the coupling constants are:
α = κ(8 − 10z + 20z2 − 6z3 + n3z(2z − 3)
−n2(3z3 + 2z2 − 14z + 1) + n(9z3 − 11z2 − 19z + 2))/P (z) ,
β = κ(n − 1)(n3z − n2(8z2 + z − 2)
+2n(6z3 + 3z2 − z − 2) + 8(−3z3 + z2 + 4z − 2))/P (z) ,
γ =
κ(n− 1)(n − 2z + 2)
4z(n − 4)(n − 3)(n − z) , Λ = −
(z − 1)(2 + n2 + n(z − 3)− z2)
2ℓ2(n− z) , (5.28)
where P (z) = 2z(n − 4)(n − 3)(n − 2)(n − z)(z − 1)(n − 4 + 3z). The other is given by
h˜(r) = f˜(r) = 1−mrz . (5.29)
The corresponding coupling constants are
α = − κ(5 + 4z − 3z
2 − 2n(z + 1))
2z(n− 4)(n − 3)(n + 2z − 2) , β = −
κ(2 + n2 − 8z + 6z2 + n(4z − 3))
z(n − 4)(n − 3)(n + 2z − 2) ,
γ = −β/4 , Λ = z(6− 5n + n
2 − 8z + 4nz + 2z2)
4ℓ2(n+ 2z − 2) . (5.30)
This solution is of less interest since it requires z < 0. The temperatures of the two solutions
are respectively given by
T =
(z − 1)rz0
2π
(for z > 1) , T = −zr
z
0
4π
(for z < 0) . (5.31)
However, both of these two solutions have vanishing entropy and black hole mass (δH∞ = 0),
and thus their first law is trivially satisfied. This phenomenon is analogous to that occurs
in black holes of critical gravities [26, 27].
6 Constructing new black holes
Using the formula (3.8), we have derived/rederived the thermodynamical first laws of Lif-
shitz black holes constructed in literature for quadratically-extended gravities. In this sec-
tion, we shall construct some new solutions and obtain their first laws.
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6.1 Exact Lifshitz black holes in quadratic gravity
In this subsection, we consider purely quadratic gravity, corresponding to setting κ = 0 in
the general action (2.1). This has the effect of turning off the bared cosmological constant
in the Lagrangian also. We focus on the construction of exact Lifshitz black holes in this
theory. It turns out that the existence of Lifshitz spacetime requires that γ = 0. The
Lifshitz exponent z is determined quadratically in terms of the ratio β/α:
β
α
= −2z
2 + 2(n − 2)z + (n− 1)(n − 2)
z2 + n− 2 . (6.1)
It is worth pointing out that when γ = 0, Einstein metrics including AdS Schwarzschild
black holes, become solutions of the theory, which we have discussed in section 4.3.1. Thus
in this section, we shall avoid the repetition by requiring that z 6= 1. In four dimensions,
when β = −3α, the theory becomes conformal gravity, up to a Gauss-Bonnet term which
is a total derivative. In this case, one has z = 0 and z = 4. The exact Lifshitz black holes
were constructed in [28]. It turns out that the z = 4 solution can be generalized to higher
dimensions to z = n, corresponding to setting
β = −5n− 2
n+ 2
α . (6.2)
We find a class of exact solutions
ds2 = −r2nf˜ dt2 + dr
2
r2f˜
+ r2dxidxi , f˜ = 1− m
r2n−2
. (6.3)
It is easy to see that m is associated with the massless graviton mode and it contributes
linearly to the mass. Indeed, substituting the solutions into (3.8), we find
δH∞ =
(n− 1)2(n− 2)2ωα
2(n+ 2)π
δm , (6.4)
which implies that
M =
(n − 1)2(n− 2)2ωα
2(n+ 2)π
m . (6.5)
The temperature and the entropy (3.15) are given by
T =
n− 1
2π
rn0 , S =
2α(n − 2)(n − 1)2ω
n+ 2
rn−20 , (6.6)
with m = r2n−20 . It is easy to verify that the first law dM = TdS is indeed satisfied.
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6.2 Charged Lifshitz black holes
In this subsection, we study extended gravities (2.1) coupled to a Maxwell field with the
Lagrangian
√−gLA, where
LA = −14FµνFµν . (6.7)
We consider solutions carrying electric charges, with the Ansatz
A = At(r)dt . (6.8)
Its contribution to the variation of the Hamiltonian in the Wald formalism is given by
[17, 18]
δH(A) = − ω
16π
rn−2
√
h
f
(f
h
AtδA
′
t +
1
2
AtA
′
t(
δf
h
− fδh
h2
)
)
. (6.9)
For the gauge choice where At vanishes on the horizon, it can be shown that δH
(A)
+ = 0,
whilst δH
(A)
∞ typically gives an non-integrable part, i.e. ∼ ΦdQ.
6.2.1 n = 4 dimensions
In [28], Lifshitz black holes with z = 0 and z = 4 were constructed in four dimensional
conformal gravity, corresponding to setting κ = 0. In this subsection, we obtain charged
Lifshitz black holes with the same z in conformal gravity coupled to the Maxwell field that
is also conformal in four dimensions. We begin with the z = 0 case. We find that the
thermal factors and the gauge potential for the charged solution are given by:
h˜(r) = f˜(r) = 1 +
c
r2
+
c2 − q˜2
3r4
, A = q(
1
r20
− 1
r2
)dt , (6.10)
where q˜2 = − 3q216β and r0 is the horizon parameter which is the largest root of the equation
f˜(r) = 0. Here we have chosen a gauge that the vector vanishes on the horizon. By simple
calculation, we find
r20 =
−3c+
√
3(4q˜2 − c2)
6
. (6.11)
To have horizon, we require −2q˜ ≤ c < q˜. The temperature and entropy are given by:
T =
1
π(1−
√
3c√
(4q˜2−c2))
, S =
ωβ
3
(c+
√
3(4q˜2 − c2)) . (6.12)
The solution becomes extremal when c→ −2q˜. The total electric charge and potential can
also be calculated using standard technique:
Q = − 1
16π
∫
∗F = ωq
8π
, Φ = At|r→∞ = q
r20
. (6.13)
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From (3.8), we obtain
δH∞ =
βω
3π
δc − ω
8πr20
qδq . (6.14)
Therefore, we should define the mass of the black hole and write the first law as:
M =
βω
3π
c, dM = TdS +ΦdQ . (6.15)
It is worth mentioning that that the black hole mass here can also be calculated indepen-
dently from the Noether charge 2-form M =
∫
Q(2) given in [28]. Thus every quantity in
the first law can be computed independently and the first law can be verified immediately.
Now let us consider the z = 4 case, for which, we find
h˜(r) = f˜(r) = 1 +
c
r2
+
c2 − q˜2
3r4
+
d
r6
, A = q(r2 − r20)dt , (6.16)
where we have also q˜2 = − 3q216β and f˜(r0) = 0. This is a three order equation of r2. It has
one real root or three real roots, depending on the discriminant ∆ is positive or negative:
∆ = (c3 − 27d − 3cq˜2 − 2q˜3)(c3 − 27d− 3cq˜2 + 2q˜3) (6.17)
The temperature and entropy can be obtained as
T =
(c+ 3r20)
2 − q˜2
6π
, S = −2βω
3
(c+ 3r20) . (6.18)
The total electrical charge is given by:
Q =
ωq
8π
. (6.19)
However, the electric potential cannot be defined in the usual way since the potential At
diverges in the asymptotical limit. This phenomenon was also seen in [18], and it would
become hopeless to consider the first law in the conventional approach.
As in the case that was discussed in [18], we can nevertheless substitute the solution
into (3.8), and a convergent result emerges:
δH∞ = −ωβ
9π
[−9δd+ (c2 − q˜2)δc + 6r20 q˜δq˜] . (6.20)
The result implies that a better and more universal way of defining the electric potential,
after fixing the gauge that At(r = r0) = 0, is simply to take the integration constant other
than the charge parameter, namely
Φ = −qr20 . (6.21)
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One may take a view that since the gauge field A diverges in the asymptotical limit, the
electric potential needs to be defined properly:
Φ = A
(reg)
t |r→∞, A(reg)t = At − qr2 . (6.22)
From (6.20), it is necessary to introduce a new pair thermodynamical variables which we
call “massive spin-2 hair”:
Ξ =
ωβ
3π
c, Ψ =
c2 − q˜2
3
. (6.23)
Then the mass of the black hole and the first law can be written as:
M =
ωβd
π
, dM = TdS +ΦdQ+ΨdΞ . (6.24)
It is worth remaking that the thermodynamics of the z = 4 neutral solution was studied in
[28]. However, owing to the lack of proper definition of the mass and massive spin-2 hair,
the first law was not properly derived.
6.2.2 Higher dimensions n ≥ 5
In n ≥ 5 dimensions, we obtain a new class of exact black hole solutions with electric
charges. The thermal factors and the gauge potential are given by
h˜(r) = f˜(r) = 1− λq
2
r2n−4
, A =
√
κ q
( 1
rn−z−20
− 1
rn−z−2
)
dt , (6.25)
where λ is a pure constant given by:
λ =
z((n − 4)(n − 2)2 + n(n− 2)z − 3(n − 2)z2 + z3)
κ(n − 2)(2(n − 2)2(n− 1)− (n− 2)(7n − 15)z + 2z3) . (6.26)
The coupling constants (α, β, γ) and the cosmological constant are all fixed, given by:
α = − κN(z)
4z(n − 2)(n − 3)(n − 4)(n − z − 2)((n − 4)(n − 2) + 2(n − 2)z − z2) ,
N(z) = 2(n − 4)(n− 2)3 + (n− 2)(−4− 5n+ 3n2)z − 2(n− 2)(3 − 8n+ 3n2)z2
+(20− 25n + 7n2)z3 − 2(n − 2)z4 ,
β =
κK(z)
4z(n − 2)(n − 3)(n − 4)(n − z − 2)((n − 4)(n − 2) + 2(n− 2)z − z2) ,
K(z) =
(
(n− 1)(n − 2)− 4(n − 2)z + 2z2
)(
2(n− 1)(n − 2)(n − 4)
+(20− 25n + 7n2)z − 4(n− 2)z2
)
,
γ = −
κ
(
(n − 1)(n − 2)− 4(n − 2)z + 2z2
)
4z(n − 3)(n − 4)(n − z − 2) ,
Λ0 = −
(n− 2)
(
(n− 1)(n − 2)− (n− 2)z − z2
)
2(n − z − 2) . (6.27)
25
From (3.8), we have
δH∞ = −ω(n− z − 2)κ qδq
16π rn−z−20
. (6.28)
The Wald equation δH∞ = TδS then implies
TdS +ΦdQ = 0 . (6.29)
Here the electric potential and total electric charge are given by
Φ =
√
κ q
rn−z−20
, Q = −ω(n− z − 2)
√
κ q
16π
. (6.30)
To verify that above first law is indeed satisfied by our solutions, we obtain the temperature
and entropy from (3.15), given by
T =
(n− 2)rz0
2π
, S = −ω(n− z − 2)κ
8(n− 2)λ r
n−2
0 . (6.31)
It is then immediately verifiable that the first law (6.29) is indeed satisfied. The unusual
looking massless first law (6.29) was also observed previously [32, 18].
7 Conclusions
In this paper, we considered Einstein gravities with a cosmological constant extended with
quadratic curvature invariants in general dimensions. The theories admit a variety of black
holes that are asymptotically flat, AdS and Lifshitz spacetimes. These black holes may
involve condensations of massive scalar and spin-2 modes, in addition to the usual massless
graviton modes. Whilst black holes involving only the massless graviton mode has the usual
first law of thermodynamics, the situation becomes very complicated when solutions involve
additional hairs.
We focused our discussion on the static black holes with spherical/toric/hyperbolic
isometries. The most general metric Ansatz is given in (2.7), involving two metric functions
(h, f). We applied the Wald formalism and derive an explicit formula (3.8) in terms of h
and f for the variation of the Hamilitonian. The formula can be readily used to derive the
thermodynamical first law for any black holes within the class of (2.7) in extended gravities.
We used the formula to derive or re-derive the first laws for wide classes of black holes of
extended gravities in literature. In addition, we constructed many new black holes and
derived their first laws.
We would like to emphasize the point again that has already been addressed under
(4.11). Namely, whether the quantities we labelled as M or M˜ can be called the proper
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mass of the black holes and/or whether the equation (4.11) can be actually promoted as
the thermodynamical first law where ξi and ηi are true thermal variables in an actual
physical thermal setup are both debatable. What can be said definitely at this point is
that M and M˜ are quantities that have dimension of energy and the equation like (4.11)
for AdS black holes, and the similar one for Lifshitz black holes derived from (3.8) are
mathematically correct and non-trivial equations at the classical level for all static black
holes in quadratically-extended gravities considered in this paper. No matter how they
should be interpreted eventually, they surely capture an important property of these black
holes.
Our formula (3.8) provides a powerful and useful tool to derive the first law of static
black holes in quadratically extended gravities . It is of great interest to generalize the
results to include rotations.
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